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In recent years, the energy demand is increasing leads to use and utilization of clean 
energy becomes target of countries all over the world. Thermoelectric generator is one 
type of clean energy generators which is a solid-state device that converts heat energy 
into electrical energy through the Seebeck effect. With availability of, heat from different 
sources such as solar energy and waste energy from systems, thermoelectric research 
becomes important research topic and researchers investigates efficient means of 
generating electricity from thermoelectric generators. 
 
One of the important problems with a thermoelectric is development of high thermal 
stresses due to formation of temperature gradient across the thermoelectric generator. 
High thermal stress causes device failure through cracks or fractures and these short 
comings may reduce the efficiency or totally fail the device. 
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 الرسالة  خلاصة
 عبدالرحمن سلمان المرباطي اسم الطالب:
 الضغوطدارسة  إلى بالإضافة لمولدات الطاقة الكهروحرارية  الحراري الأداء وتحليل  دراسة عنوان الرسالة:
 .الحرارية الناشئة فيها
 الهندسة الميكانيكية  التخصص:
 م 2312مايو  -هـ  1133 رجب ريخ التخرج:ات
للطاقة النظيفة  السنوات الأخيرة أصبحت الحاجة إلى الطاقة في تزايد، وهذا دفع الدول للبحث عن مصادر جديدة في
هي نوع من أنواع مولدات الطاقة النظيفة والتي تعتبر من  وحراريةالكهربهدف الاستفادة من هذه الطاقة. المولدات 
طريقة عملها أنها تحول الطاقة الحرارية الى طاقة كهربائية بواسطة وتحتاج لحركة كي تولد الطاقة،  الأجهزة التي لا
من مصادر مختلفة مثل الطاقة الشمسية والحرارة المهدرة من الأنظمة  الحرارة. مع توافر kcebeeSمبدأ تأثير 
للتحقق من  دفعهمللباحثين مما  مهما   موضوعا  في مجال الأجهزة الكهروحرارية  البحثالمختلفة أصبح الميكانيكية 
غوط هو نشوء الض وحراريةالكهر المولداته واحدة من أهم المشاكل التي تواج فعالية هذه الأجهزة في توليد الكهرباء.
 الضغوط الحرارية العالية تسببالمولدات. أرجل هذه نظرا  لتشكل تدرج في درجة الحرارة عبر هذا الحرارية العالية 
ضعف للجهاز وذلك من خلال شقوق أو كسور في سطح الجهاز وذلك قد يؤدي إلى تقليل كفاءة الجهاز أو قد يفشله 
 تماما .
الهدف الرئيسي من هذه الرسالة هو تقديم دراسة للكفاءة الحرارية للمولد الكهروحراري، وكذلك تحليل للضغوط 
في هذ الدراسة كمادة  كهروحرارية  المادة المستخدمة خواص له .الحرارية الناشئة من ارتفاع حرارة الجهاز أثناء عم
ل ا. كذلك تم حساب مستويات الضغوط الناشئة لعدة أشك )3eT2iB( edirullet htumsibالبزموث تلوريد هي 
 هندسية مختلفة من أرجل الأجهزة الكهروحرارية.
 
 درجة الماجستير في العلوم
 جامعة الملك فهد للبترول والمعادن 
 الظهران ، المملكة العربية السعودية
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CHAPTER 1 
1 INTRODUCTION 
Nowadays, the increasing of energy prices over the world become one of the important 
issues and the rising of energy demands turn into crises for most of countries. At the 
same time, the concern for the environment (clean power systems, without pollution and 
CO2 emission) stimulated scientists and engineers to work on clean energy source like 
increasing the energy harvesting from the sun and improving efficiency of thermoelectric 
generators. For instance, in the kingdom of Saudi Arabia, the extensive studies were 
performed in solar power technology to find an alternative source of electric power 
generation. This is because, the population is growing fast and demand for electricity is 
rising. In 2004, the population of the kingdom of Saudi Arabia was about 22.7 million 
and in 2011 it was around 27.1 million. With this growing rate, it is a desire to find 
another source of energy instead of the conventional one especially, when a large amount 
of energy is available during all the year from the sun energy. 
On the other hand, In United State the electricity has been generated using coal power 
plants since 1881, but today, they are using different sources of energy that are 
coal, nuclear, natural gas, hydroelectric, and petroleum with a small amount from solar 
energy, wind generators, and geothermal sources for generate electric power.  
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In 2009 [1], coal generation represented 44.9% of total power generation in the United 
States and solar generation accounted for 3.6% with wind which are renewable sources of 
energy Figure ‎1.1  
 
Figure ‎1.1  Sources of electricity in the U.S. in 2009 [1] 
With the availability of huge amount of sun energy (heat), there is a large demand for 
harvesting this solar energy. The two major ways of harvesting solar energy for 
electricity are photovoltaic (PV) and solar thermal heat engines.  
Specifically, solar thermal power has a large potential for improve meet either by creating 
efficient selective surfaces to collect the concentrating sun heat or by using an auxiliary 
device to increase the overall efficiency of the solar power plant which is thermoelectric 
generators (TEG's). 
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The focus of this thesis is to analyze the thermoelectric generators through 
thermodynamics and thermal stress development in the device; including the study for the 
effect of pin geometric configurations on efficiency and thermal stress distribution.  
1.1 History of Thermoelectrics 
Before around 200 years, the phenomenon of thermoelectricity was first observed in 1821 
by the German academic scientists, Thomas Johann Seebeck who noticed that when a 
loop was made from wires using two dissimilar metals, a voltage appeared between the 
junctions of the wires if one junction was hotter than the other [2]. Seebeck realized that a 
"Thermoelectric Force" induced an electrical current, which by Ampere's law deflects the 
magnet. Today, such a loop made with dissimilar metals became known as a 
thermocouple and the phenomenon was named the Seebeck effect. In 1834, a French 
physicist, Jean Charles Peltier found that an electrical current would produce heating or 
cooling at the junction of two dissimilar metals. After that, In 1838 Lenz showed that 
depending on the direction of current flow, heat could be either removed from a junction 
to freeze water into ice, or by reversing the current, heat can be generated to melt ice and 
this phenomenon known as the Peltier effect [2] . In additions, the concept of using the 
sun's heat to power a thermoelectric generator started in 1888 when Edward Weston 
received his first US patent in solar thermoelectric generators [3]. In 1913, the first 
experimental results were published by Coblentz [4] in experimental work of solar 
thermoelectric generations. He found that the efficiency was about 0.008 %. An open 
circuit produced 0.66 mV per couple, corresponding to a temperature difference of 17°C 
between hot and cold junctions.  
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Ioffe [5] developed the modern theory of thermoelectricity using the concept of the figure 
of merit ZT in 1949. He was one of the first who suggested the use of alloying to reduce 
lattice thermal conductivity by point defects. After that, Telkes [6] published, in 1954, the 
first paper on a solar thermoelectric generator which the efficiency was on the order of 
one percent. She measured 0.63% solar-to-electrical efficiency under no optical 
concentration using ZnSb p-type elements and doped Bi2Te3 n-type elements. When she 
applied optical concentration to the system, she was able to measure an efficiency of 
3.35%. In same year, Goldsmid [7] demonstrated 0 C cooling by using thermoelements 
based on Bismuth telluride Bi2Te3. 
Recently, the interest in thermoelectricity became to the picture again with new ideas 
from researchers.  The aim is to improve ZT; particularly at small scale of TE structure 
like micro-scale and Nano-scale of thermoelectric materials. Also, other idea suggests 
fabricating new classes of complex thermoelectric materials. 
1.2 Background of Thermoelectrics 
From the thermocouples which are made from metal or metal alloys, the idea of 
thermoelectric device is come out. Thermocouples generate small voltages, typically tens 
of microvolt per one degree of temperature difference due to the Seebeck effect. When it 
connected to a resistive load and its junction is located in a hot or cold environment 
compared to the ambient, it generates small amounts of electrical power. However, 
usually, they are used widely in the measurement of temperature or as sensors to control 
systems such as domestic air conditioning and refrigerators. 
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In addition, the thermocouple can work in another way of measurements that at the open 
end of thermocouple, a voltage source can connected so that an electric current can be 
driven through the couple. It acts as a heat pump and effectively cools the junction by the 
Peltier effect. The modified thermocouples made from modern semiconductors which 
have specific material properties and geometry have been designed specifically to meet 
the application requirements and having Seebeck coefficients of hundreds of microvolt 
per degree temperature. The conventional thermocouple is shown in Figure ‎1.2 used for 
measurements and as a sensor. 
 
Figure ‎1.2  Conventional metallic thermocouple [8] 
On the other hand, a typical geometry of bulk devices for power generation 
(thermoelectric generator) or cooling applications (thermoelectric cooler) shown in 
Figure ‎1.3 and consist of two pins (thermoelements) of semiconducting material having 
dimensions in order of millimeters connected at one end with an electrical conducting 
metal plate.  
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Figure ‎1.3  Bulk semiconductor thermocouple (thermoelectric element) [9] 
The thermoelectric field studies the direct coupling of electricity and heat within a 
material. Thermoelectric (TE) devices operate as heat engines or heat pumps and they are 
solid state devices unlike dynamic system which have no moving parts, convert heat 
(temperature differences) directly into electrical energy, using a phenomenon called the 
"Seebeck effect" or "thermoelectric effect". These devices use a semiconductor as a 
material like bismuth telluride (Bi2Te3). Thermoelectric devices are made from array of 
thermoelectric modules connected electrically in series but thermally in parallel as Figure 
‎1.4. However, their efficiency needs to be improved since it has small values comparing 
with any other conversion technology and its typical efficiencies are between 5% to 10%. 
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Figure ‎1.4  Thermoelectric devices consist of TE modules [10] 
1.3 Thermoelectric Effects 
Early thermocouples were metallic, but many more recently developed thermoelectric 
devices are made from alternating p-type and n-type semiconductor elements connected 
by metallic connectors. Semiconductor junctions are common in power generation 
devices, while metallic junctions are more common in temperature measurement. Charge 
flows through the n-type element, through a metallic conductor, and passes into the p-
type element.  
When the heat source provided, the thermoelectric device works as a power generator by 
Seebeck effect. The heat source drives electrons in the n-type element toward the cooler 
region, creating a current through the circuit. Holes in the p-type element then flow in the 
direction of the current. Therefore, thermal energy is converted into electrical energy. In 
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contrast, if a power source is provided, the thermoelectric device may act as a cooler by 
the Peltier effect. Electrons in the n-type element move opposite the direction of current 
and holes in the p-type element will move in the direction of current, both removing heat 
from one side of the device as shown in Figure ‎1.5. 
(a)                                                     (b) 
 
Figure ‎1.5  The Seebeck circuit configured as (a) Generator. (b) Thermoelectric 
cooler [9] 
1.3.1 Seebeck Effect 
The thermoelectric effects can be discussed with reference to the schematic of basic 
thermocouple circuit with instrument shown in Figure ‎1.6. The circuit consists of two 
dissimilar conductors (Metal A, Metal B) that are thermocouple legs or thermoelectric 
elements. They are connected electrically in series but thermally in parallel. For open 
circuit (no instrument attached), and the junctions are maintained at different 
temperatures T1 and T2 and T1<T2 will result electromotive force EMF. The potential (V) 
is developed between A and B and given by  
              (1.3.1) 
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Then, the differential Seebeck coefficient between the two thermoelectric elements S is 
  
  
  
     (1.3.2) 
The sign of S is positive if the electromotive force causes a current to flow in a clockwise 
direction around the thermocouple circuit and measured in 
         
          
 
 
Figure ‎1.6  Basic thermocouple circuit with instrument 
The Seebeck effect is caused by charge-carrier diffusion in the materials. Charge carrier 
will diffuse when one side of a conductor is at different temperature from the other. Hot 
carriers diffuse from the hot side to the cold side, since there is a lower density of hot 
carriers at the cold side of the conductor, and vice versa. If the conductor were left to 
reach thermodynamic equilibrium, this process would result in heat being distributed 
evenly throughout the conductor. The movement of heat (in the form of hot charge 
carriers) from one side to the other is a heat current and the electric current as charge 
carriers are moving [8]. 
This means, as the temperature gradient increases in the semiconductor material, the 
chemical potential will appear through the non-equilibrium carrier concentration. 
Therefore, when a temperature gradient is forced in a material, a carrier concentration 
gradient will be present. More charge carriers are generated in the hot side and diffuse to 
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the cold side creating an internal electric field that resists further carrier diffusion. The 
steady state electrochemical potential difference between the two sides at different 
temperature is the known as a Seebeck voltage. 
1.3.2 Peltier Effect 
Refer to Figure ‎1.6, for close circuit (with attach instrument), which is external EMF 
source applied across A and B and a current I flows in a clockwise around the circuit. 
Then a rate of heat generation Q occurs at one junction between the two elements and a 
rate of cooling -Q occurs at the other (Figure ‎1.7). The ratio of Q to I defines the Peltier 
coefficient π given by 
  
 
 
    (1.3.3) 
Peltier coefficient is positive if T1 is heated and T2 is cooled. 
 
Figure ‎1.7  Peltier effects: a current flow induces heat flow through the material 
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1.3.3 Thomson Effect 
Thomson effect is one of the thermoelectric effects that relates to the rate of generation of 
reversible heat Q which came from the current flow along a single element which there is 
a temperature difference   .  
For the small ∆T, the heat generation Q is given by 
            (1.3.4) 
Where β is Thomson coefficient measured in  
         
          
 . 
1.4 Thermoelectric Generation and the Figure of Merit 
A thermoelectric device is a heat engine and it follows the laws of thermodynamics. The 
input is a heat absorbed from hot junction and the output is electric power delivered to the 
load as shown in Figure ‎1.8. 
 
Figure ‎1.8  Thermoelectric Generation 
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The efficiency of the ideal thermoelectric generator which there is no heat loss is given 
by                              
  
                                      
                               
 
If it is assumed that the electrical conductivities, thermal conductivities, and Seebeck 
coefficients of material (a) and material (b) are constant within the thermocouple shown 
in Figure ‎1.6, and that the contact resistances at the hot and cold junctions are negligible 
compared with the sum of the thermocouple resistance, then the efficiency can be 
expressed as 
  
   
              
 
  
  
                                 (1.4.1) 
Where k is the thermal conductance of material (a & b) in parallel and R is the series 
resistance of them. In fact, thermoelectric properties of TE material vary with 
temperature in both configuration either generation and refrigeration and it should be 
considered. However, the simple expression found for the efficiency can be employed by 
using the average values of these material properties for the interest range of temperature. 
The conservation energy of thermoelectric device is highly dependent on thermoelectric 
figure of merit of the TEG thermoelectric generator pin materials which is given by [8]: 
  
   
 
     (1.4.2) 
However, in the application the figure of merit is modified to include the average 
temperature, i.e.  ZT 
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1.5 Thermoelectric Materials 
One way to classify the materials is that by considering the electrical conductivity. For 
instance, metals have high electrical conductivity whereas insulators have very low 
electric conductivity and at normal conditions are taken as zero and in semiconductors 
the conductivity takes up in intermediate place between the two. The electrical 
conductivity is a reflection of the charge carrier concentration. 
 In addition, the three parameters (Seebeck coefficient, Electric conductivity and thermal 
conductivity) which formulate the figure-of-merit are functions of carrier concentration. 
The electrical conductivity increases with increasing the carrier concentration (towards 
metals) as shown in Figure ‎1.9 while the Seebeck coefficient decreases. The electronic 
contribution of the thermal conductivity ke, which in thermoelectric materials is generally 
around 1/3 of the total thermal conductivity, also increases with carrier concentration. 
Clearly from Figure ‎1.9, figure-of-merit optimizes at the middle area which carrier 
concentrations is matching to semiconductor materials [11]. 
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Figure ‎1.9  Diagram of dependence for the three parameters on free carriers 
concentration [11] 
In recent researches carried out on thermoelectric area, the materials used are 
semiconductors because of the higher values of figure of merit Z. From the standard 
thermocouple, it is known that the thermoelectric phenomena happen in all conducting 
materials but with various values of Z. Also, Z changes with varying temperature and 
then, a more significant parameter of measuring the TE performance came to the picture 
which the dimensionless figure-of-merit ZT where T is absolute or average temperature. 
However, materials have ZT more than 0.5 are generally considered as thermoelectric 
materials. 
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Commercial thermoelectric materials can be divided into three groups depending on the 
temperature range of operation as shown in Figure ‎1.10 and Table ‎1.1. First, Alloys based 
on bismuth in combinations with antimony, tellurium, and selenium are referred to as 
low-temperature materials. These are the materials universally used in TE refrigeration. 
Second, the intermediate temperature range materials which are usually based on lead 
telluride. Third, thermoelements employed at highest temperatures are fabricated from 
silicon germanium alloys [12-13]. 
 
Figure ‎1.10  Figure of merit of commercial thermoelectric materials [12] 
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Table ‎1.1  Classes of thermoelectric materials 
 
Low-temp. 
Materials 
Intermediate-temp. 
Materials 
High-temp. 
Materials 
Basic Material Bismuth Lead telluride Silicon germanium 
Temp. Range Up to around 500 K 500K – 850 K Up to 1300 K 
 
As mentioned in section 1.4, the dimensionless figure-of-merit, ZT is the power factor 
S
2σT, over the total thermal conductivity k, which is equal to ke pulse ke. The electronic 
component ke is related to the electrical conductivity but the lattice component is an 
independent quantity. Bismuth telluride has one of the highest values of the power factor 
at normal temperatures and a low value for the lattice conductivity [14]. They found that 
the compounds with empty spaces in their crystal structures can have very low values of 
the lattice conductivity. The empty spaces may full by loosely bound atoms, which are 
known as rattlers and these systems are named as PGEC (phonon glass – electron 
crystal) implying that these have a lattice conductivity that is characteristic of an 
amorphous material combined with the typical electronic properties of a crystal such as, 
skutterudites and clathrates. 
Among many potential TE materials, skutterudite compounds have been identified as 
good candidate [15-16]. 
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1.6 Scope of the work 
A thermoelectric power generator (TEG) operates between high and low temperature 
sources, temperature distribution in thermoelectric generator becomes important. Since, 
increasing thermal conductivity reduces the figure of merit (ZT), thermal efficiency of the 
device is affected by temperature distribution over the TEG pins. In addition, due to large 
temperature difference between the hot and cold heat sources and small device height 
result in development of high temperature gradients over the pins. This, in turn, causes 
the formation of high thermal stress field in the TE pins while reducing life span of the 
pins. The geometric configuration of TEG pins influences temperature and stress field 
developed in the TE pins.  
In the open literature, no significant contribution on pin geometric configuration and its 
effects on thermal performance of thermoelectric device is observed. Therefore, in the 
present thesis, thermal analysis of thermoelectric generator including temperature and 
stress fields is carried out. The study is extended to include the influence of pin geometry 
on thermodynamics efficiency of the device and thermal stress development in the TE 
pins. 
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1.7 Thesis outline 
The first chapter of the thesis deals with the introduction of thermoelectric devices, 
thermoelectric effects, thermoelectric materials and historical development as well as the 
scope of the work.  
Chapter 2 presents a literature survey relevant to thermoelectric such as fabrication of 
new TE materials, producing TE thin films and enhancement of TE performance.   
In chapter 3, the mathematical analysis related to thermodynamics, heat transfer, and 
thermal stress aspects of TE device are included. In addition, the solution methodology 
for governing equation is introduced.  
In Chapter 4, the numerical method used for solving the thermal and stress problem of 
thermoelectric generator module is discussed. The validation of ABAQUS code used in 
this thesis is also presented. 
In chapter 5, findings are presented and discussed in details.  
In the last chapter, that this is chapter 6, conclusions derived from the results of the work 
are presented together with recommendations for the future research studies in thesis 
research area. 
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CHAPTER 2 
2 LITERATURE REVIEW 
Several efforts have been made to develop the materials and structures with high efficient 
cooling and energy conversation systems. However, a few works studied the influence of 
thermoelectric effects on the TE stress. Since, the increase in Figure of merit ZT leads 
directly to improvement in the cooling efficiency of Peltier modules and in the electric 
generation efficiency of TE generators, the direction of researches is to increase the 
figure of merit ZT by various techniques.  
This chapter reviews the work carried out recently over the thermoelectric development. 
First, a literature of thermoelectric materials and small scale material structure 
contribution is presented and the efforts done to improve the figure of merit ZT. Next, an 
overview over the research related thermodynamics efficiency of thermoelectric devices. 
Finally, a few investigations in thermo-mechanical and efficiency enhancement of 
thermoelectric devices are presented. 
2.1 Thermoelectric Material and Small Scale Structures 
A Significant work has been done on synthesizing new TE materials and fabricating its 
material structures with improved thermoelectric performance. 
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Zhao et al. [17] fabricated n-type Bi2Te3 with different volume of nano-SiC particles 
thermoelectric materials by mechanical alloying (MA) and spark plasma sintering (SPS) 
method.  They found an increase in Seebeck coefficient and decrease in electrical and 
thermal conductivity. They demonstrated an improvement in figure of merit ZT from 0.99 
for typical Bi2Te3 sample to 1.04. Also, there have been some improvements in ZT like 
1.4 in p-type nanocrystalline BiSbTe bulk alloy [18], but even their values are not 
sufficient to dramatically improve the cooling or energy conversion efficiencies. 
Polvani et al. [19] reported a large increase in the thermoelectric power of p-doped 
antimony bismuth telluride alloys upon pressure tuning under non-hydrostatic 
compression conditions. Their results showed the value of figure of merit is more than 
2.2 with measurements of the electrical conductivity and an upper bound estimated for 
the thermal conductivity under pressure. They suggested an explanation for the observed 
behavior that to reproduce TE material at ambient pressure. Hsu et al. [20] measured the 
thermoelectric properties of bulk AgPb10SbTe12 and AgPb18SbTe20. They obtained that 
the figure of merit ZT of 2.2 at (T=800 K) for AgPb18SbTe20 material. 
Koukharenko et al. [21] fabricated bismuth telluride materials Bi2Te3 by ultra-rapid 
quenching and they obtained foils with a thickness varying from 10 to 60 µm. They 
studied the influence of quenching temperature and heat treatment on the Seebeck 
coefficient and also the variation of thermoelectric properties with temperature. Their 
results showed that Bi2Te3 foils are degenerate semiconductors of n-type. They concluded 
that it is now necessary to optimize melt composition to obtain well doped materials in 
order to improve the thermoelectric properties of Bi2Te3 foils. 
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Zhu et al. [22] synthesized lead telluride (PbTe) by high pressure and high temperature 
method.  They indicated both the thermopower and the electric resistivity drop with 
increasing synthesis pressure and the thermal conductivities of the samples synthesized 
by high pressure had lower values than that of samples synthesized at ambient pressure. 
They found that the value of the dimensionless thermoelectric figure of merit ZT was 
enhanced nearly 20 times at room temperature and approximately equal to the value of 
Bi2Te3. The value of ZT was over 0.87 as shown in Figure ‎2.1. They concluded that the 
technique of high pressure is a useful tool to obtain materials of improved properties, and 
highly efficient TE materials may be expected. 
 
 
Figure ‎2.1  ZT versus the synthesis pressure (measured at room temperature) [22] 
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Song et al. [23] prepared a solid solutions of Mg2Si1−xSnx (with x = 0, 0.2, 0.4, 0.6, 0.8, 
1.0) from elemental powder mixture as TE materials by bulk mechanical alloying (BMA) 
with combination of hot pressing. They optimized the hot pressing condition in order to 
obtain higher figure of merit. The temperature dependence of electrical conductivity, 
Seebeck coefficient and thermal conductivity were measured from the room temperature 
up to 700 K. They obtained a maximum figure of merit of 0.13 at 653 K from different 
samples with nominal compositions of Mg2Si0.4Sn0.6 and Mg2Si. They concluded that the 
TE properties of Mg2Si1−xSnx were sensitive to the tin concentration and the figure of 
merit at room temperature increased with increasing the temperature and pressure of hot 
pressing. 
Chen et al. [24] experimentally investigated the high temperature TE transport properties 
of p-type Yb-filled Fe-compensated skutterudite YbxFeyCo4-ySb12. They presented that 
the lattice thermal conductivity was significantly reduced to the level near the theoretical 
limit upon Yb filling and Fe substitution for Co also discouraged the lattice thermal 
conductivity through additional phonon scattering mechanisms. They found that the 
highest value of ZT was 0.6 forYb0.6Fe2Co2Sb12 (x=0.6) at temperature of 782 K and 0.57 
for YbFe4Sb12 (x=1) at temperature of 780 K as shown in Figure ‎2.2. 
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Figure ‎2.2  ZT as a function of temperature of YbxFeyCo4-ySb12 [24] 
Lamberton et al. [25] measured the electrical resistivity, thermopower, thermal 
conductivity, and Hall coefficient of polycrystalline Eu-doped CoSb3-based skutterudites 
with compositions Eu0.2Co4Sb12, Eu0.43Co4Sb11.59Ge0.31, and Eu0.42Co4Sb11.37Ge0.50.  They 
observed that the value of ZT for a Eu-filled skutterudite at 700 K more than 1.1 as shown 
in following Figure ‎2.3. The figure of merit, ZT versus temperature is shown for 
Eu0.42Co4Sb11.37Ge0.5 sample. It is clear that at room temperature the value of ZT' was 
measured of 0.26, and it is approximately above 1.1 at 675 K. In addition, Figure ‎2.3 
shows that the profile of total thermal conductivity k (kl + ke) with temperature inside the 
small box. Also, Nolaset al. [26] found similar values for different type of skutterudites 
and clathrates. 
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Figure ‎2.3  ZT vs. temperature is shown for Eu0.42Co4Sb11.37Ge0.5 [25] 
Even though these materials have lower thermal conductivity than in bismuth telluride 
alloys, they have smaller power factor comparing with bismuth telluride at room 
temperature. The idea of choosing bismuth telluride as a thermoelectric material came 
from that, the lattice thermal conductivity decreased with increasing mean atomic weight 
which was shown by Ioffe [27]. Also, he suggested that the ratio of carrier mobility to 
lattice conductivity would increase with increasing the atomic weight. 
While the researches of fabricating a new compound of TE materials are in development, 
there are also a number of attempts to produce thermoelectric materials in which at least 
one of the dimensions is not much greater than the lattice constant. These efforts should 
leads improving the figure-of-merit by reducing the lattice thermal conductivity. During 
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the past decade material scientists have been confident that low-dimensional structures 
such as quantum wells in which materials are so thin as to be essentially of two 
dimensions , quantum wires in which extremely small cross-section and considered to 
be of one dimension, quantum dots which are quantum confined in all directions and 
superlattices which is a multiple-layered structure of quantum wells will provide a 
direction for achieving significantly improved thermoelectric figures-of-merit. The 
expectation is that the reduced dimensions of these structures will result in an increase in 
phonon interface scattering and a consequent reduction in lattice thermal conductivity. 
Consequently, there are significant improvements in the thermoelectric figure of merit ZT 
was made mainly on quantum well and quantum wire superlattices [28-30]. 
Harman et al. [31] produced an n-type quantum dot superlattice structures based on 
PbSeTe material and experimentally investigated for application in thermoelectric. They 
demonstrated an improvement in cooling values relative to the conventional bulk 
(Bi,Sb)2(Se,Te)3 thermoelectric device. They used the n-type film in a one leg of 
thermoelectric device test setup, which cooled the cold junction 43.7 K below the room 
temperature hot junction temperature of 299.7 K. The TE device was consisted of a 
substrate, bulk slab of nanostructured PbSeTe/PbTe as the n-type leg with a dimension of 
0.1 millimeter in thickness, 10millimeters in width, and 5 millimeters in length and a 
metal wire as the p-type leg. Their measurements indicated the attainment of device ZT 
and it was in range of 1.3 to 1.6 at room temperature. 
Venkatasubramanian et al. [32] reported thin-film thermoelectric materials with a 
significant enhancement in ZT at temperature of 300 K compared with bulk Bi2Te3 alloys. 
They found that the figure of merit of p-type superlattice based on Bi2Te3 and Sb2Te3 is 
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equal to around 2.4. The improvement which they achieved is by controlling the transport 
of phonons and electrons in the superlattices. 
Ghoshal et al [33] have approached the problem of making thermoelectric nanostructures 
in a different way. They described a thermoelectric device structure that limited to the 
thermal gradients and electric fields at the boundaries of the cold junction, and utilized 
the reduction of thermal conductivity at the interfaces and the poor electron-phonon 
coupling at the junctions. They found the value of ZT in the range between 1.4 and 1.7 
compared with 0.84 for commercial modules made from the same materials. Their 
thermoelectric cooler was based on a p-type Bi 0.5 Sb1.5 Te3 and an n-type Bi2Te2.9Se0.1 
material. Their work demonstrated that the figure-of-merit can be improved without 
resort to the usual techniques for producing nanostructures. 
Various techniques have been attempted to prepare the bismuth telluride thin films that 
were used in thermoelectric micro-cooler, such as pulsed laser deposition [34] , flash 
evaporation [35], ion-beam sputtering at room temperature [36,37], sputter-deposition at 
room temperature [38].  
Giani et al. [39] have grown for the first time thin films of Bi2Te3 by metal organic 
chemical vapor deposition using trimethyl bismuth and dimethyl tellurium as classic 
organ-metallic sources. Miyazaki and Kajitani [40] prepared bismuth telluride films 
electrochemically by depositing from solutions of Bi2O3 and TeO2 in diluted HNO3 (pH = 
0.50) onto Ti sheet working electrodes at 293 K.  
Zou et al. [41] deposited both n- and p-type bismuth telluride thin films by co-evaporator 
on glass substrates.  
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However, in general, the thermoelectric properties of thin film Bi2Te3 are poor compared 
with bulk Bi2Te3 [38] and this is because of the difficulties in controlling the composition 
and the defects in thin films. Then, smaller dimensions structure of thermoelectric 
materials that are Bi-Te thin films become into the approach of researchers because of 
their better potential in thermoelectric properties with higher thermoelectric figure of 
merit ZT due to their stronger quantum potential compared with bulk materials [36]. 
2.2 Thermodynamics of TE Devices 
The basic knowledge for thermodynamics of TE device is reviewed in this section which 
is represented the direct coupling between heat transfer and electric current by the 
Seebeck coefficient.  
Onsager [42] described the set of general linear equations, often called the 
thermodynamic equations of motion, which gave general description of flows of particles 
or of energy as being driven by various thermodynamic forces. He observed that, the flow 
is directly proportional to the corresponding force that drives it. Common examples cited 
include heat transfer where the vector flow of energy is proportional to the temperature 
gradient, or Ohm’s law in which the electrical current density is proportional to the 
voltage gradient. Onsager suggested that each of the flows in a given steady-state system 
is proportional to the sum of all forces acting on the system.  
Domenicali [43] stated the general equations for inhomogeneous isotropic media from 
the theory of irreversible thermodynamics and by considering the charge carrier to be an 
electron. He described the three fundamental relations of Thermoelectrics. The first 
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equation described the entropy current density as the sum of the transport entropy and the 
heat flux entropy. Secondly, the total energy current density is the sum of the particle 
current energy and the heat flux due to the temperature gradient. The electrochemical 
potential consists of two parts that are chemical part and electrical part. 
The thermodynamics analysis of thermoelectric generator was also investigated by 
Lampinen [44].   He considered the TE generator as a heat engine cycle process and 
derived the Kelvin relations for the TE circuit from the energy balance and from the 
second law without using reversibility or equilibrium assumptions. Also, he derived a 
new formula for the thermal efficiency of the TE generator, including the Thomson heat 
effect, and an equation for maximum efficiency. 
Kassas [45] also, carried out thermodynamic analysis of a thermoelectric device. He 
considered the thermoelectric diode and electronic and he computed the Carnot efficiency 
of the device. He found that increasing emitter temperature increases the Carnot 
efficiency of the thermoelectric device in which, the diode power intensity and electronic 
efficiency reduce. He also presented that the second law efficiency increases with emitter 
to collector temperature ratio and reduces with increasing collector temperature due to 
increase in collector current flow. 
Chen et al. [46] established the differential equations governing the temperature field 
inside the device operated between two heat reservoirs by using non-equilibrium 
thermodynamics by considering the effect of Peltier, Fourier, Joule and Thomson heat. 
They used the performance of TE device as a heat pump or refrigerator. They derived 
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expressions for the coefficient of performance COP and the rate of heat pumping with 
analyzing the effect of the Thomson heat on them.  
Yamashita [47] constructed new thermal rate equations by introducing the temperature 
dependences of the electrical resistivity and thermal conductivity of the TE materials on 
the assumption that they vary linearly with temperature. He formulated the relative 
energy conversion efficiency, which is the ratio of energy conversion efficiency derived 
from the new thermal rate equations and conventional one, for a single TE element by 
approximate analysis. He applied his equations to Si–Ge alloys and he found that the 
degree of contribution from both parameters to the relative efficiency was a little lower 
than 1% at the temperature difference of 600 K. However, the relative efficiency could be 
increased to about 10 % when the temperature dependence of thermal conductivity was 
increased to become equal to that of electric resistivity. Finally, He concluded that the 
temperature dependence of the electrical resistivity and thermal conductivity significantly 
influences the efficiency of the thermoelectric generator. 
2.3 Thermo-mechanical Studies and TE performance 
Few works have been made to analyze the thermo-mechanical performance of TE 
generator modules and investigate the influence of various structure parameters on the TE 
device  
Li et al. [48] carried out the finite element analysis FEA for thermal, electricity, and 
stress coupling effects of TEG device. Different copper pad thicknesses (100um, 500um, 
and 1000um) under different temperature differences were considered to investigate the 
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geometry effect on the maximum power output and maximum Von Mises stress. Their 
results showed that, at the same temperature difference, the maximum power output was 
almost keeping the same value with different pad thickness and this leads to that the 
copper pad thickness was not affected the output power. It might because the copper is a 
well electrical conducted material that makes lower electric resistance for the current 
passing through the device. 
By contrast, the maximum Von Mises stress was getting higher when the pad thickness 
became thicker under each temperature difference. The maximum Von Mises stress 
occurred on the contact surface between copper pad and Aluminum nitride (AlN) 
substrate, and they clarified that is because of the large coefficient of thermal expansion 
CTE mismatch between the copper pad and the substrate, especially in the higher 
temperature case. 
GAO et al. [49] presented the thermal stress distribution of a TE module based on the 
anisotropic mechanical properties and thermoelectric properties of hot pressed material 
which is Bismuth Telluride Bi2Te3. The effect of the structure parameters, including the 
length of TE leg and the side length of TE leg, were studied and the optimum dimensions 
were defined.  
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Figure ‎2.4 The dependence of: (a)the output power and conversion efficiency on the 
leg length, (b)the thermal stress on the leg length, (c)the output power and 
conversion efficiency on the side length, and(d) the thermal stress on the side 
length[49] 
They presented that the results that the output power decreased with increasing leg length 
but increased with increasing cross section side length, while the conversion efficiency 
increased with increasing leg length but keeps almost constantly with increasing cross-
section side length as shown in Figure ‎2.4. Moreover, both the shear stress and von Mises 
stress initially decreased with increasing leg length, but the shear stress changed slowly 
with increasing cross-section side length, while the von Mises stress changes more 
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significantly with the side length. They suggested that to reduce the possibility of damage 
along the cleavage plane due to large shear stress, considering the influence of TE leg 
length and side length, the optimum design of TE with leg length equal to 2.5 mm and 
side length equal to 4 mm. 
Hori et al. [50] performed a heat cycle test in order to analyze the thermo-mechanical 
performance of modules of three different cross sectional areas of TE legs and to study 
time dependence of electrical properties. They modeled the three TE legs with constant 
length of 2.5mm but various cross sectional dimension that 3.5×3.5mm
2
, 3×3mm
2
, and 
2×2mm
2
. They found that by increasing the heat cycles, the internal electrical resistance 
was increased also, and that caused by the poor contact between a thermoelectric element 
and a copper electrode due to the fall of the solder at the contact. Also, there was a 
decline in the generation performance of a modules caused by the increase in the internal 
electrical resistance of the module. Their FEM analysis indicated a possibility of material 
failure in the hot side solder part and element part.  
Huang et al. [51] performed a thermal analysis of thin-film thermoelectric cooler under 
the effect of the Thomson heating, the Joule heating and Fourier heat conduction. The 
condition that Thomson coefficient is constant was assumed instead of a Seebeck 
coefficient. They demonstrated that the conduction heat and the Joule’s heat flowing to 
the cold junction could be considerably reduced by providing the Thomson coefficient of 
the p-type layer is greater than that of the n-type. A larger maximum temperature 
difference could be achieved and a larger maximum heat load could be allowed 
consequently. In addition, they analyzed the thermal stresses, including normal stresses 
and shear stresses, developed in the layered structure using the non-coupled thermal 
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elastic theory. They defined the normal-stress distributions within the thermoelectric 
element and the shear stress distributions between adjacent layers which consist of the 
supporting membrane and the p-type and n-type thermoelectric films separated by an 
insulating layer. They presented an improvement in thermal performance by the Thomson 
effect but the shear stress is proportional to the temperature gradient and the larger the 
heterogeneity in the thermal expansion coefficients between the adjacent materials, this 
means the shear stress is increased with Thomson coefficient. The stresses could not be 
greater than the yielding stress of the material in order to be in safe side form failure. 
The results of this paper provided a preliminary understanding to judge whether the thin-
film structure is destroyed by the thermal stresses or not, especially by the shear stresses 
between adjacent layers. 
Thermo-mechanical modeling of large area TE generators was carried out by Turenne et 
al. [52]. They simulated numerically the behavior of TE modules under steady state 
operation with the help of finite element analysis of large modules (30 × 30 mm
2
 and 40 
× 40 mm
2
). The plastic deformation of the soldering alloys was shown to reduce the 
amount of stress in the legs. They indicated that the maximum stress was increased in the 
thermoelectric device close to the edge of the pins. They concluded that the fabrication of 
thinner modules leading to higher temperature gradients and this would result higher 
stress levels on in the TE pins, particularly at the pin corners of hot side. Also, the solder 
always undergoes plastic deformation in simulated modules with legs shorter than 2.5 
mm, where the stress became higher than the yield strength of the soldering alloy. This 
was considered convenient and useful to relax the stress in the TE alloys legs. 
 
 
34 
 
Yang et al. [53] simulated hot extrusion process of Bi2Te3 material by FEM tools. The 
influence of extrusion ratio, the ratio between the square of pre-deformation diameter to 
the square of deformed diameter, and the extrusion angle were analyzed. They found that 
the friction condition between the extrusion die and the sample had large effect on the 
surface stress state of the sample, making the surface region under more tension stress, 
therefore increased the possibility of surface crack. Also, the extrusion angle showed 
effect on the deformation, with longer or larger regions of deformation in the case of low 
extrusion angle, which means lower deformation rate and would cause less micro-holes. 
Then n-type Bi2Te3 based materials were also hot extruded under different experiment 
conditions, and effect of extrusion parameters on microstructure and thermoelectric 
properties of the materials was studied. They showed that (0 0 l) was formed in the hot 
extruded samples as favored orientation microstructure and an agreement between the 
experimental results with the results of FEM analysis. 
Hatzikraniotis et al. [54] investigated experimentally the long-term performance and 
stability of a commercially available TEG under temperature and power cycling. A 
sequence of heating cycles applied to the TE module, which the hot side temperature was 
200 C and cooling for long times which was 3000 hours  in order to measure the changes 
in the TEG’s performance. They presented the TE generators maximum gained power 
and the electromotive force EMF , which is the open-circuit voltage of the TE when the 
maximum temperature was reached, during the efficiency test as shown in Figure ‎2.5. 
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Figure ‎2.5 TE generator maximum gained power & EMF during reliability test [54] 
As shown, both TE power and EMF decreased with thermal cycling and these are 
proportional to the Seebeck coefficient, and from that they evaluated the change in the 
Seebeck coefficient of the material. They observed a total drop of about 14% in gained 
power and 3.3% in EMF to 6000 cycles. In addition, they used SEM to study the 
microstructure of the material and they found a formation of micro cracks in the vicinity 
of the leg-solder interface caused by the high temperature since the increase in material 
resistivity cannot be excluded. Then, a reduction of 6.6 % in the average leg thermal 
conductivity, a drop about 3.8% in Seebeck coefficient and an increase of 16.1% in 
electrical resistivity due to that micro crakes was observed. 
Ravi et al. [55] investigated the thermal expansion of high temperature TE materials. 
Since the thermal expansion coefficient is a considerable factor in the thermo-mechanical 
analysis of TE devices, they measured and presented thermal expansion data for several 
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advanced TE materials. They carried out in details the stress analysis of various interfaces 
in advanced thermocouples for integration into advanced TE generators by using Finite-
element tools. A numerical example was showed in this paper indicated that the high 
sensitivity of interfacial stresses to thermal expansion coefficients of adjacent materials 
and by knowing that the thermally matched system leads to reduced interfacial stresses 
and less risk of in interface fracture of the TE device. From this study, it is clear that 
thermal expansion coefficient of the TE materials is the critical parameter influencing 
stress levels in the device. 
Number of attempts concern with the modeling of thermoelectric generates and 
investigating the TE performances are reviewed and presented.  
Antonova and Looman [56] introduced a new set of ANSYS coupled-field elements that 
allowed users to analyze the efficiently of thermoelectric devices accurately. They 
considered Joule heating, Seebeck, Peltier, and Thomson effects for the thermoelectric 
generator and they simulated these tools for steady state and transient cases.  
A numerical analysis was conducted by Sisman and Yavuz [57] of the effect of joule heat 
losses on the efficiency of thermoelectric power cycle by comparing it with conventional 
DC power cycle. The presented that the typical maximum value of Z is 1×10
-3
 K
-1 
and the 
maximum operating temperature difference is about 800 K for TE device based on n-type 
SiGe/GaP material. 
Ozkaynak [58] studied the external and internal irreversible heat and determined the 
maximum power and thermal efficiency at maximum power output for TE generator.  
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Chen et al. [59] investigated the characteristics of a multi-element thermoelectric 
generator with the irreversibility of finite-rate heat transfer, Joule heat inside the TE 
device, and the heat leak through the TE legs. Then, they derived expressions for the 
power output and efficiency of thermoelectric generators that composed of multi-
elements. The heat transfer irreversibility in the heat exchanger between the TE generator 
and the heat reservoir was considered. The effect of heat transfer and the number of TE 
elements were analyzed. The results of this paper showed that the heat transfer 
irreversibility affected the performance of TE generator and it is important to consider 
this effect in TE the analysis. Also, the number of TE elements affects the performance 
for the real generator composed of multi-element. Chen and his group suggested that the 
performance optimization of TE generator could be carried, including two aspects, i.e., 
the internal optimization and the external optimization. Internal optimization dealing with 
optimizes the TE leg size of each element to minimize the heat conductance of heat 
exchangers between the hot and cold junctions of the TE generator and their respective 
reservoirs. External optimization is to optimize the external load and internal electrical 
resistance. 
An efficiency analysis of topping cycle which consists of conventional solar 
concentration power plant with TE generators placed on the heat collector elements was 
conducted by Sahin et al. [60]. They carried out numerical simulations to predict the flow 
field and temperature field of the working fluid in the thermal system. The overall 
efficiency ratio due to the thermal systems with and without the presence of the 
thermoelectric power generators was also examined for various operating parameters. A 
compression between the two systems with and without TE generator was presented. 
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They found that, for a certain combination of operating and TE device parameters, 
thermal efficiency of the topping cycle became slightly higher than that of the same 
system without the presence of the TE generators. 
Rockendorf et al. [61] investigated two different principles of thermoelectric 
cogeneration solar collectors. The first principle was concerning with the thermoelectric 
collector TEC delivers electricity indirectly by first producing heat and then generating 
electricity by means of TE generator. The second principle was focused on the 
photovoltaic-hybrid collector PVHC uses photovoltaic cells, which are cooled by a liquid 
heat-transfer medium. The characteristics of both collector types are described. 
Simulation modules have been developed in order to simulate their behavior in typical 
domestic hot-water systems. They found that the electric output of the PV-hybrid 
collector is significantly higher than that of the TE collector as shown in Figure ‎2.6. 
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Figure ‎2.6  Thermal efficiency curve of the TE collector, compared to same collector 
without a TEG [61] 
Esarte et al. [62] modeled the thermoelectric generator as heat exchangers element in 
order to study the flow parameters. They analyzed analytically and experimentally the 
influence of fluid flow rate, heat exchanger geometry (Spiral, Zig-Zag and Straight fins), 
fluid properties and inlet temperatures on the power supplied by the TE generator. They 
developed an expression that helps to design thermoelectric generators, through 
providing an idea about which operating conditions best meet the specifications required 
for a particular application. Their theoretical results meet with the experimental values 
for low flow rates but not for high flow rates. They explained that is because for high 
flow rates the parallel heat flux takes a major importance within the global heat transfer 
produced in the generator resulting in a decrease of the temperatures. They concluded 
that it is true that the more accurate the over-all heat transfer coefficient, the better the 
eventual results. 
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Enhancement of coefficient of performance in thermoelectric refrigeration has been 
studied and the optimization of heat dissipation was analyzed by Astrian et al. [63]. They 
constructed two prototypes of thermoelectric domestic refrigerators, one of them with the 
thermosyphon with a thermal resistance of 0.110 K/W developed, and the other with a 
conventional fins dissipater. They showed that the use of thermosyphon with phase 
change increases the coefficient of performance up to 32%. 
Kubo et al. [64] experimentally and numerically investigated the performance of 
thermoelectric device. They studied the dependence of cold side temperature of TH 
device and the size of the incisions made on its side faces. The temperature difference 
between the hot and cold sides of the device was estimated, the electric power and the 
conversion efficiency were examined with a variations in the size of the side 
incisions and in the cold-side temperature. They illustrated that the results of the 
simulations were in fairly good agreement with the experimental results. They found that 
the electrical power generated, the conversion efficiency, and the incision size depend on 
the cold side temperature. 
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2.4 Objectives and Approach 
The objectives and approaches of the thesis study are: 
1. To analyze numerically the thermal efficiency of thermoelectric generator and 
study the influence of varying the cross-sectional area on it.   
2. To perform thermal and stress analysis developed in thermoelectric generator 
based on Bi2Te3 commercial thermoelectric module using coupled temperature-
displacement model built in ABAQUS. Conduction heat term is considered and 
two boundary conditions that are convection and radiation are applied to the 
surface of thermoelectric pins.  
3. The effect of thermoelectric pin geometry on the temperature and stress field over 
the TE modules will be investigated. 
4. To determine the optimum pin configuration with distributed thermal stress, lower 
maximum von Mises stress, which may prevent the TE device from damages, 
consequently to increase the life span of device. 
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CHAPTER 3 
3 MATHEMATICAL ANALYSIS 
In this chapter, the analysis pertinent to thermoelectric generator is divided into two 
sections. The first section gives detail information about thermodynamic analysis. The 
second section presents the thermal stress formulations relevant to the model used in TE 
study. 
3.1 Thermodynamics Analysis 
The efficiency of the trapezoidal pin thermoelectric power generator, which is shown in 
Figure ‎3.1, is given as [65]:  
RITTkSIT
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LHH
L
2
2
2
1
)( 
    (3.1.1) 
Where k is the thermal conductance and R is the electrical resistivity of the thermoelectric 
generator. 
The current I  is a function of Seebeck coefficient np SSS  , the upper and lower 
junction (plate) temperatures (TH and TL), the electrical resistance R  and the external 
load resistance LR  as 
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Figure ‎3.1  Schematic view of a thermoelectric power generator and pin 
configurations 
Substituting equation 3.1.2 in equation 3.1.1, the efficiency becomes 
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The cross-sectional area of the trapezoidal pin of the thermoelectric generator shown in 
Figure ‎3.2 is  
L
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Where AL is the cross sectional area of the bottom side of the pin and AH is that of the top 
side.  L is the height of the pin. By defining an area ratio LHA AAR / , the cross-sectional 
area of the leg can be written as 
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where A0 is the cross-sectional area of the uniform rectangular pin. 
 
Figure ‎3.2  Geometric configuration of the thermoelectric generator pin 
The heat transfer rate through the pin along x is given by: 
dx
dT
xkAQ )(     (3.1.6) 
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After assuming a steady heating situation and isolated pin surfaces, equation 3.1.6 can be 
re-arranged as 
 
H
L
T
T
L
dTk
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Q
0 )(
      (3.1.7) 
Making use of equation 3.1.5 in equation 3.1.7, and performing the integration 
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Equation 3.1.8 indicates that the overall thermal conductance of the trapezoidal pin is  
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Considering the two pins in Figure ‎3.1, the total thermal conductance of the 
thermoelectric generator can be written as 
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Where kp and kn are the thermal conductivities of the p-type and n-type pins, respectively.  
On the other hand, the overall electrical resistance of the leg can be written as 

L
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R
0 )(
     (3.1.11) 
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Substituting area of trapezoid A(x) from equation 3.1.5 and carrying out the integration, 
the overall electrical resistance is obtained as 
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Similarly, considering the two pins, the total electrical resistance of the thermoelectric 
generator becomes 
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Where σp and σn are the electrical conductivities of the p-type and n-type legs, 
respectively. 
Substituting equation 3.1.10 and equations 3.1.13 in equation 3.1.3, the efficiency of the 
thermoelectric generator can be written in dimensionless form as 
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where 
H
L
T
T
 , (Temperature ratio)       (3.1.15) 
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n
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r  , (Thermal conductivity ratio)    (3.1.16) 
n
p
r
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  , (Electrical conductivity ratio)    (3.1.17) 
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L
kA
K n00   (Reference thermal conductance)   (3.1.19) 
and 
nA
L
R
0
0  (Reference electrical resistivity)    (3.1.20) 
Thus, the overall thermal conductance and overall electrical resistivity can be written in 
dimensionless form, respectively, as 
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3.2 Thermal Stress Formulations 
This section consists of two sub-sections. The first one gives the description of the heat 
transfer analysis through TE material with boundary condition which used in the 
modeling. The second part deals with the formulation of stress developed in TE material 
due to thermal force. 
3.2.1 Heat Transfer Analysis 
For heat transfer analysis, the ABAQUS capability is intended to model solid body heat 
conduction with general, temperature-dependent conductivity and quite general 
convection and radiation boundary conditions.  
The basic energy balance equation for heat transfer is shown below as [66] 
∫   ̇  
 
  ∫    
 
  ∫    
 
   (3.2.1) 
Where V is a volume of solid material, with surface area A, ρ is the density of the 
material,  ̇ is the material time rate of internal energy, q is the heat flux flowing into the 
body per its unit area, and r represents the heat supplied externally into the body per unit 
volume. 
The heat conduction is assumed to be governed by the Fourier law as  
     
  
  
     (3.2.2) 
Where K is the conductivity matrix, with K= K(T), f is the heat flux and x is position. 
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The model discretization performed by combining the energy balance equation 3.2.1 
together with the Fourier law equation 3.2.2, the standard Galerkin approach can be 
obtained directly as 
∫   ̇    
 
 ∫
   
  
  
  
  
  
 
  ∫       
  
  ∫       
 
  (3.2.3) 
Where    is an arbitrary variational field satisfying the essential boundary conditions. 
The body is approximated geometrically with finite elements, so the temperature is 
interpolated as  
                       (3.2.4) 
Where   are nodal temperatures and also the Galerkin approach assumes that, the 
variational field, is interpolated by the same functions 
             (3.2.5) 
Then, first and second order polynomials in one, two, and three dimensions are used for 
the    .With these interpolations, Equation 3.2.3, becomes 
   {∫      ̇  
 
 ∫
   
  
  
  
  
  
 
  ∫       
  
  ∫       
 
}  (3.2.6) 
And since     are arbitrary chosen, this gives the system of equations of the geometric 
approximation in continues time description as sown below  
∫      ̇  
 
 ∫
   
  
  
  
  
  
 
  ∫       
  
  ∫       
 
        (3.2.7) 
For transient heat transfer analysis, equation 3.2.7 integrated over the time. In applied 
model, the backward deference algorithm is used which is: 
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 ̇     
        
  
    (3.2.8) 
Then, introducing the operator in equation 3.2.8 into the energy balance equation 3.2.7 
gives 
 
  
∫                   ∫
   
  
  
  
  
  
 
  ∫       
  
 ∫       
 
   (3.2.9) 
For nonlinear system, that when the rate of change in internal energy with respect to the 
change of temperature with a time (the Jacobian matrix) is not formed, the modified 
Newton method should be applied to take the effect of       
  . The formulation of the 
terms in the Jacobian matrix is described in the following section.  
The internal energy term gives a Jacobian contribution: 
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   (3.2.10) 
Where 
  
  
|
    
is the specific heat and this term can result numerical instabilities in severe 
latent heat cases, when there is phase change in the material. Then, the conductivity term 
gives a Jacobian contribution: 
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    (3.2.11) 
The second term of this equation is typically small since the variation of thermal 
conductivity is slow with respect to the temperature   
  
  
|
    
 .  Because of this, and 
because the term is not symmetric, it is usually more efficient to omit it.  
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Also, for specific surface boundary conditions (surface or body fluxes) such as 
convection and radiation conditions, it can also be temperature dependent as it is 
described it in the following Jacobian equations: 
∫   
  
  
|
    
    
 
    (3.2.12) 
For film (convection) condition: 
      [    ]    (3.2.13) 
Then, 
  
  
 
  
  
[    ]    
For radiation condition: 
    [     
 ]    (3.2.14) 
Then, 
  
  
       
Combining all the Jacobian terms will give the modified Newton method as shown 
below:  
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(3.2.15) 
Where          
         
      and i = the iteration number   
3.2.2 Stress Analysis 
The conservation of energy implied by the first law of thermodynamics states that the 
time rate of change of kinetic energy and internal energy for a fixed body of material is 
equal to the sum of the rate of work done by the surface and body forces. This can be 
expressed as 
 
  
∫  
 
 
          
 
  ∫       
 
  ∫      
 
   (3.2.16) 
Where ρ is the current mass density, v is the velocity field vector, U is the internal energy 
per unit mass, t is the surface traction vector, f is the body force vector, and n is the 
normal direction vector on boundary A. 
By using Gauss' theorem and the identity that t = σ .n on the boundary A, the first term of 
the right-hand side of equation 3.2.16 can be rewritten as 
 
 
53 
 
∫      
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Where  ̇ is the strain rate tensor and σ is symmetric, and by substituting equation 3.2.17 
into equation 3.2.16 yields 
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(3.2.18) 
From Cauchy's equation of motion that stated  
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Substituting this into equation 3.2.18gives 
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 (3.2.20) 
From this we get the energy equation 
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By performing the integration this equation 
∫ (∫   ̇  
 
)   
 
 
∫    
 
     
where U0 is the energy at time zero.  
Integrating the energy balance equation 3.2.16in time gives 
∫
 
 
       ∫     
  
  ∫  ̇             
 
 
  (3.2.22) 
This equation can be represented as 
       ∫  ̇             
 
 
   (3.2.23) 
Where  ̇   is defined as the rate of work done to the body by external forces and contact 
friction forces between the contact surfaces 
 ̇   ∫         ∫             (3.2.24) 
And EK, the kinetic energy, and EU, the internal energy, are given by 
   ∫
 
 
      
 
    (3.2.25) 
   ∫        ∫ (∫    ̇   )  
 
 
     (3.2.26) 
To analyze the energy balance equation more deeply, the breakdowns of the stress, strain, 
and tractions is introduced. 
By splitting the traction, t, into the surface distributed load, tsl, the solid infinite element 
radiation traction, tqb, and the frictional traction, tf , the  ̇   can be written as  
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 ̇   (∫           ∫       
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 ̇    ̇   ̇   ̇      (3.2.27) 
where  ̇  is the rate of work done to the body by external forces,  ̇   is the rate of 
energy dissipated by the damping effect of solid medium infinite elements, and  ̇  is the 
rate of energy dissipated by contact friction forces between the contact surfaces. Then, an 
energy balance for the entire model can then be written as  
                          (3.2.28) 
Then, the dissipated portions of the internal energy are split off 
   ∫ (∫   ̇  
 
)  
 
 
 ∫ [∫         ̇  
 
]   
 
 
 
 ∫ (∫     ̇  
 
)  
 
 
 ∫ (∫     ̇  
 
)  
 
 
   (3.2.29) 
          
Where σc is the stress derived from the user-specified constitutive equation, without 
viscous dissipation effects included, σel is the elastic stress, σv is the viscous stress, Ev is 
the energy dissipated by viscous effects, and El is the remaining energy, which called the 
internal energy.  
Then, by introducing the strain decomposition 
 ̇   ̇    ̇    ̇      (3.2.30) 
Where ̇  , ̇  and  ̇   are elastic, plastic, and creep strain rates, respectively.  
The internal energy,  , can be expressed as 
    ∫ (∫ 
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  ∫ (∫    ̇    
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             (3.2.31) 
Where    is the applied elastic strain energy,    is the energy dissipated by plasticity, 
and    is the energy dissipated by time-dependent deformation like creep energy. 
The additive strain rate decomposition can also be introduced to give 
 ̇    ̇   ̇    ̇       (3.2.32) 
Where  ̇   is the strain caused by thermal expansion which is in the constitutive models 
in ABAQUS is function of temperature   ̇    ̇      only. 
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CHAPTER 4 
4 NUMERICAL MODELING 
The thermal efficiency of thermoelectric module for various area ratios, which is 
presented in equation 3.1.14, is simulated using the data in Table ‎4.1. 
For the thermal stress analysis, a fully coupled thermal-stress ABAQUS finite element 
code is used to simulate temperature and stress fields in the thermoelectric generator. 
ABAQUS-Standard code uses an implicit backward-difference scheme for time 
integration of temperatures and displacement at each grid point and the nonlinear coupled 
system is solved using Newton's method equation 3.2.15 
For folly coupled temperature and displacement (thermal-stress) analysis, ABAQUS 
solves a system of coupled equations [66] 
[
      
      
] {
  
  
}  {
  
  
} 
where Δu and ΔT are the respective corrections to the incremental displacement and 
temperature, Kij are sub-matrices of the fully coupled stiffness matrix, and Ru and RT are 
the mechanical and thermal residual vectors, respectively. 
In more details, the coupled thermal stress analysis requires identifying the displacement-
strain relations, which are expressed in dimensionless form as follows [67]: 
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An exact implementation of Newton's method involves a nonsymmetrical stiffness matrix 
which is stress-strain relation in dimensionless form as is illustrated in the following 
matrix representation of the coupled equations [67]: 
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  (26) 
Solving this system of equations requires the use of the un-symmetric matrix storage and 
solution scheme. Furthermore, the mechanical and thermal equations must be solved 
simultaneously. 
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Table ‎4.1  Properties of Bi2Te3 used for the efficiency calculation 
Parameter values 
0
LR
R  
10 
ZTave 0.9 
rk 1.25 
rσ 1.2 
θ 
300
550  
 
Recall: 
R0 is the reference electrical resistivity, 
ZTave is the figure of merit based on the average temperature, 
rk is the thermal conductivity ratio, 
rσ is the electrical conductivity ratio,   
  is the Temperature ratio 
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4.1 Model validation 
The coupled (temperature-displacement) model used in the present study is validated by 
comparing with the data of thermal-stress study for Bi2Te3-based thermoelectric modules 
achieved by GAO et al. [49]. 
To validate the predictions of thermal stress analysis, simulations are extended to include 
the cases, which were presented in the early study [49]. In this case, simulations 
conditions are re-set to be in line with the previous study and the parameters of the model 
used in the previous study are incorporated in the simulations.  
Figure ‎4.1 shows a comparison for the maximum von Mises stress developed in various 
thermoelectric modules of different pin length predicted using coupled model with data 
presented for 3 mm side length of the pin [49]. The lengths of the module were 0.5, 1, 2, 
3, 4, and 5 mm. Also, Table ‎4.2 illustrates the values of maximum and minimum von 
Mises stresses for TE pins. It is evident that both results are in good agreement. 
Therefore, the model used in the present study is justifiable to proceed with the 
predictions of thermal stress fields in the thermoelectric generator. 
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Figure ‎4.1  Validation of present simulations with the previous study [49] 
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Table ‎4.2   Maximum and Minimum von Mises stress for TE pins of present 
simulations with the previous study 
 Present simulation Previous study [49] 
Max. Stress (GPa) 0.292 0.319 
Min. Stress (MPa) 52.05 41.1 
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4.2 Modeling Assumptions 
In thermal-stress modeling, the following assumptions and approximations are made: 
 The material properties of TE pins are a function of temperature, not position. 
Since there is no diffusion of material near the boundaries of the thermoelectric 
and the materials selected are homogenous.  
 There is thermal contact resistance. This assumption gives the actual model 
analysis. The contact layer used is that solder 60% Sn 40% Pb.  
 The radiation losses from the edges of the TE legs are considered. The radiation 
heat transfer affects the temperature distribution over the TE module and thermal 
stress also, thus getting the most realistic condition.   
 The convection losses from the thermoelectric pins edges to the surroundings are 
considered. 
 The Peltier heat transfer through TE pin is ignored since it has small effect on the 
stress developed, which means the total heat input into the thermoelectric is just 
the Fourier heat through the interface and radiation and convection losses from 
the side surface of the pins. 
 The temperature profile across TE pin varies with the horizontal axis (x and z axis 
of the pin. At both the hot-side and cold-side interfaces, the temperature is 
uniform across the leg. Sidewall radiation losses will produce some non-
uniformity in the temperature profile from the center of TE pin to the side surface. 
The temperature of the hot side is uniform at TH (240
0
C). This assumption of 
temperature is just prior the limitation of diffusion for Bi2Te3. 
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 The cold side temperature fixed at TC (24
0
C) using constant wall-temperature 
condition. 
 The cross-sectional areas of thermoelectric pin are varying along the leg length. 
Varying these areas would influence the distribution of stress that developed in 
thermoelectric modules.  
 Commercial thermoelectric generator with small dimensions is used in this thesis. 
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4.3 Thermoelectric modeling 
This section describes the modeling of thermoelectric module which aimed to analyze 
two physical parameters those are thermal and stresses which have coupled effects. The 
thermoelectric modules with the following considerations and the finite element 
discretization are achieved by using ABAQUS 6.10 software.  
Thermoelectric generators (TEG) are made from thermoelectric modules and in this 
study, one module of the TEG is considered as shown in Figure ‎4.2. 
The TE module consists of ceramic substrate, copper plate, Tin-Lead solder, and 
thermoelectric pins. TE module dimensions are shown in Figure ‎4.2 where the thickness 
of copper plate is 0.12 mm, the thickness of solder is 0.04 mm, and the thickness of 
ceramic substrate is 0.34 mm. The size of TE pins is 3mm×3mm×3mm.   
 
 
Figure ‎4.2  The geometric dimensions of TEG module 
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In this simulation, it is assumed that the thermoelectric pins are made of one material that 
n-type Bi2Te3 and that there is no difference in properties as a function of position, so that 
the thermoelectric and mechanical properties are function of temperature only. The 
density ρ, thermal conductivity k (T), coefficient of liner thermal expansion α (T), 
specific heat capacity cp (T), and modulus of elasticity E (T), and Poisson's ratio v are 
needed in this study.  
The materials used are alumina Al2O3 as ceramic substrate, copper plate as conductor, 
Tin-Lead solder (60% Sn-40%Pb) as a welding layer, and n-type Bismuth Telluride 
(Bi2Te3) as the martial of the TE pins. 
The properties of materials used in these simulations are presented in Table ‎4.3. The 
temperature dependence of the material properties [k(T), cp(T), α(T), and E(T)] are shown 
in Figure ‎4.3 and Figure ‎4.4 for copper strip and Bi2Te3  pins , respectively.  
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Table ‎4.3  Material properties of TEG module, [T. depend means temperatures 
dependent] 
 
Young 
modulus 
(Pa) 
Poisson's 
ratio 
Density 
(kg/m
3
) 
Specific 
Heat 
(J/K-kg) 
Thermal 
conductivity 
(W/m-K) 
Thermal 
expansion 
( /K) 
Ceramic 
Substrate 
300E9 0.21 3690 880 18 8.1E-5 
Sn-Pb Solder 30E9 0.33 8500 220 49 2.5E-5 
Copper T. depend 0.34 8960 T. depend T. depend T. depend 
n-type Bi2Te3 T. depend 0.23 7740 154.4 T. depend T. depend 
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(a) 
 
(b) 
 
(c) 
 
(d) 
Figure ‎4.3  The temperature dependence properties of copper plate, (a) thermal 
conductivity, (b) specific heat, (c) coefficient of linear expansion, and (d) modulus of 
elasticity [68,69] 
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(a) 
 
(b) 
 
(c) 
Figure ‎4.4  The temperature dependence properties of Bi2Te3, (a) thermal 
conductivity, (b) coefficient of linear expansion, and (c) modulus of elasticity.[17,70] 
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4.3.1 Numerical Simulation 
Finite element discretization is carried out by using ABAQUS 6.10 software. The 
simulation is performed in Abaqus/Standard temperature-displacement model and 
different TE modules were investigated.  
The modeling consists of two steps that are heating and cooling steps. The first step, to 
analyze the stress developed due to thermal heating of the model. Heating process was 
applied continually until the temperature distribution of the TE module reaches to steady 
state profile. The second step, to investigate the residual stress after the TE release all of 
the heat that gained in the heating process and become to the initial condition and this 
called "thermal cycling process". 
In the thermal stress analysis, a structured grid elements are used to create the model used 
element type C3D8T which is an 8-node thermally coupled brick, tri-linear displacement 
and temperature. Figure ‎4.5 shows the mesh generated in this simulations with 
approximate global size of 0.5 mm.  
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Figure ‎4.5   Model mesh of TE pins used in the simulations 
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4.3.2 Boundary conditions 
In this study, a uniform wall temperature (UWT) is specified at the hot-side of substrate 
to be 513 K and at cold-side of substrate to be 297 K. Both sides of substrate are free 
from concentric. Figure ‎4.6 shows the schematic view of three-dimensional 
thermoelectric generator module used in the present study with illustrating the thermal 
force applied on it.  
The initial condition, at time equals zero second, applied to TE module is that the 
temperature of whole body is equal to ambient temperature of 297 K. Fixed boundary 
conditions are specified to the side surfaces of TE pin for the heat losses. 
Figure ‎4.7 shows the convection and radiation heat losses over one TE pin. The heat loss 
flux along thermoelectric pins can be computed by Newton’s law for the convection heat 
transfer and Stefan-Boltzmann law for the radiation heat transfer as following equations. 
The Heat flux through TE pin surface due to convection is governed by 
              ) 
The value of heat transfer coefficient h is specified as 10 W/K.m
2 
and the sink 
temperature Ta as 297 K.  
Also, Heat flux on the TE surface due to radiation to the environment is governed by 
       [        
           
 ] 
The emissivity of the surface ε is defined as 0.8, the Stefan-Boltzmann constant as 
(           
 
    
), and Tabs is the value of absolute zero. 
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Figure ‎4.6  Schematic diagram of TE generator module with [force applied] used in 
ABAQUS simulation 
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Figure ‎4.7  Heat losses for TE pin 
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CHAPTER 5 
5 RESULTS AND DISCUSSION 
The chapter consists of three sections. The first section presents the thermodynamics 
results and outcomes. Second, the results of the thermal stress analysis and the influence 
of the pin configurations are presented and discussed. In third section, thermal cycling 
results are shown and discussed. 
5.1 Thermodynamics Results 
Thermodynamic analysis and thermal stress field developed in the thermoelectric 
generator are investigated and the influence of pin geometric configuration on thermal 
efficiency and thermal stress levels are examined. 
Figure ‎5.1 shows efficiency variation with the geometric parameter RA, which is the area 
ratio of the pin cross-section at cold junction to hot junction ( LHA AAR / ). It can be 
observed that thermal efficiency of the thermoelectric generator increases for RA values 
different than RA = 1 and the minimum efficiency occurs for RA = 1. This indicates that 
parallel sided pins for the thermoelectric generator are not always the optimum design for 
the maximum efficiency.  Consequently, the pin design including either RA0.5 and RA≥2 
results in improved thermal efficiency.  
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Although the improvement in thermal efficiency is low, small improvement of thermal 
efficiency, which is approximately 2%, for one device adds to the set of TE modules 
which forms the thermoelectric generator and adds to the improvement of the overall 
thermal efficiency of all devices in series, which are used for the practical applications. 
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Figure ‎5.1  Thermal efficiency variation with RA (pin area ratio of at hot junction to 
cold junction), LHA AAR / . 
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5.2 Influence of the pin configurations on the Thermal stress 
Figure ‎5.2 Shows temperature distribution along the two lines in the y-axis for RA = 0.5. 
The centerline represents the line passing through the pin center along the y-axis (Figure 
‎5.3) and maximum stress line corresponds to the line passing through the maximum stress 
locations along the y-axis (Figure ‎5.3).  Temperature distribution is presented when the 
temperature in the pin reaches to a steady state distribution.  It should be noted that the 
transient heating takes place only 0.3 sec after the heating is initiated for the hot side of 
thermoelectric pins but its take about 11 sec to the whole body of device, as shown in 
Figure ‎5.4, and temperature field settles through heat in the thermoelectric device 
including the pins. The temperature decays gradually along the pin height for both lines 
in the y-axis. However, the temperature gradients differ totally along these lines, which 
are evident from Figure ‎5.5, in which the temperature gradient along the y-axis is shown. 
The temperature gradient attains high values in the region close to the hot junction of the 
pin, which is more pronounced along the maximum stress line. However, the temperature 
gradient reduces towards the cold junction of the pin. When comparing the temperature 
gradients along both lines; it is evident that the temperature gradient is higher in hot 
junction of the pin along the maximum stress line as compared to that of the center line.   
However, opposite is true in the region towards the cold junction. Consequently, large 
changes in the temperature gradient results development of high strain in the pin. Figure 
‎5.6 shows temperature contours in the thermoelectric generator and the pins.  It is evident 
that temperature remains almost uniform along the x and z-axes.  The large variation in 
the temperature occurs along the y-axis between the hot and cold junctions. 
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Figure ‎5.2  Temperature distribution along the centerline and the maximum stress 
line for RA = 0.5 
 
 
 
 
 
 
 
 
80 
 
 
 
 
 
 
 
Figure ‎5.3  Three-dimensional view of thermoelectric generator with defining Max. 
Stress line and centerline. 
 
 
 
 
 
 
 
 
Centerline Maximum Stress Line 
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Figure ‎5.4  Cold side temperature with time of heating 
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Figure ‎5.5  Temperature gradient along the centerline and the maximum stress line 
for RA = 0.5. 
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Figure ‎5.6  Three-dimensional temperature distribution in the thermoelectric 
generator for RA = 0.5. 
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Figure ‎5.7 shows thermal stress variation along the centerline and the maximum stress 
line in the y-direction for RA = 0.5.  It is evident that thermal stress attains high values in 
the region of the hot junction which is particularly true along the maximum stress line.  
Thermal stress reduces sharply in the region close to the hot junction in the pin and its 
decay become gradual towards the cold junction.  The sharp decay of thermal stress is 
attributed to attainment of high temperature gradients in this region.  
Figure ‎5.8 and Figure ‎5.9 show thermal stress contours in the thermoelectric device and 
its pins. High stress region occurs locally in the pin, particularly at the edges of the pin 
where pin is attached to high temperature plate. The attainment of high stress is because 
of one on all of the following reasons:  
i) High temperature gradient developed in this region gives to high thermal 
stress levels,  
ii) The difference in thermal expansion coefficients due to pin and the hot plate 
which generates high stress levels at the interface location between the hot 
plate and the pin. Moreover, low stress region in the pin extends towards the 
cold junction region. 
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Figure ‎5.7  Thermal stress distribution along the centerline and the maximum stress 
line for RA = 0.5. 
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Figure ‎5.8  Three-dimensional thermal stress distribution in the thermoelectric 
generator for RA = 0.5. 
 
Figure ‎5.9  Three-dimensional thermal stress distribution in the thermoelectric pins 
for RA = 0.5. 
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Figure ‎5.10 shows temperature distribution along the centerline and the maximum stress 
line along the y-axis for RA = 1.  It should be noted that RA = 1 corresponds to rectangular 
parallel pin geometry. Temperature variation between the hot and the cold junctions 
along the both lines is gradual, provided that the temperature gradient changes 
significantly in the hot plate region for both lines (Figure ‎5.11). In this case the 
temperature gradient attains higher values in the vicinity of the hot plate, where y  0, 
for the maximum stress line as compared to that corresponding to the centerline.  
The high temperature gradient generates high strain in this region. Figure ‎5.12 shows 
temperature contours in the thermoelectric generator and the pins.  It is evident that 
temperature variation along x and z-axes are almost uniform.  However, temperature 
variation along the y-axis is large due to the presence of hot and cold plates across the 
pins.   
Figure ‎5.13 shows thermal stress distribution along the centerline and the maximum 
stress line in the y-axis for RA = 1.  Thermal stress varies significantly along the both 
lines and stress reduces slightly in the region next to the hot plate and increases gradually 
with increasing distance towards the cold plate.  However, thermal stress reduces sharply 
in the region close to the hot plate along the maximum stress line and the decay becomes 
gradual towards the cold plate.  The attainment of high stress along maximum stress line 
is due to thermal expansion of the pin and high temperature gradient developed in the 
region close to the hot plate.  
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Figure ‎5.14 and Figure ‎5.15 show thermal stress counters in the thermoelectric generator 
and its pins, respectively.  It can be observed that high stress region is locally developed 
towards the pin edges, particularly in the region next to the hot plate. However, thermal 
stress drops significantly towards to the cold plate due to attainment of the low 
temperature gradients in this region. 
 
 
Figure ‎5.10  Temperature distribution along the centerline and the maximum stress 
line for RA = 1. 
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Figure ‎5.11  Temperature gradient distribution along the centerline and the 
maximum stress line for RA = 1. 
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Figure ‎5.12  Three-dimensional temperature distribution in the thermoelectric 
generator for RA = 1. 
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Figure ‎5.13  Thermal stress distribution along the centerline and the maximum 
stress line for RA = 1. 
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Figure ‎5.14  Three-dimensional thermal stress distribution in the thermoelectric 
generator for RA = 1. 
 
Figure ‎5.15  Three-dimensional thermal stress distribution in the thermoelectric 
pins for RA = 1. 
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Figure ‎5.16 shows temperature distribution along the centerline and the maximum stress 
line in the y-axis for RA = 2. Temperature decays gradually along the both lines form the 
high temperature plate to low temperature plate as similar those shown in Figure ‎5.2 and 
Figure ‎5.10. However, temperature along the maximum stress line attains slightly higher 
values than that of the centerline. This is associated with the heat conduction along the 
thermoelectric pins.  
Moreover, the temperature gradient increases gradually towards the cold plate, which is 
associated with the gradual decay of temperature along the both lines (Figure ‎5.17).  The 
temperature gradient along the maximum stress line is slightly lower than that of along 
the centerline.  This indicates the attainment of relatively lower thermal strain along this 
line. Figure ‎5.18 shows temperature contours in the thermoelectric device and in the pins.  
Temperature variation is almost uniform along the x and z-axes as similar to those 
obtained for the cases RA = 0.5 and RA = 1. 
Figure ‎5.19 shows von Mises Stress distribution along the centerline and the maximum 
stress line in the y-axis direction for RA = 2.  Thermal stress behavior is similar to that 
shown in Figure ‎5.10 for RA = 1, provided that the maximum stress at x = 0 is less than 
that of RA = 1.  This is attributed to the differences in the temperature gradient behavior 
particularly in the region close to the hot plate.  
Figure ‎5.20 and Figure ‎5.21 shows thermal stress contours in the thermoelectric generator 
and in the pins.  Thermal stress is high in the region close to the hot plate and reduces 
sharply in the region close to the cold plate.  The presence of high stress centers in the 
region of the pin edges is evident. This is attributed to the attainment of high temperature 
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gradient and thermal expansion coefficient differences between the hot plate and the pin 
material. 
 
 
 
Figure ‎5.16  Temperature distribution along the centerline and the maximum stress 
line for RA = 2 
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Figure ‎5.17  Temperature gradient distribution along the centerline and the 
maximum stress line for RA = 2 
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Figure ‎5.18  Three-dimensional temperature distribution in the thermoelectric 
generator for RA = 2 
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Figure ‎5.19  Thermal stress distribution along the centerline and the maximum 
stress line for RA = 2 
 
 
 
 
 
 
 
98 
 
 
Figure ‎5.20  Three-dimensional thermal stress distribution in the thermoelectric 
generator for RA = 2 
 
Figure ‎5.21  Three-dimensional thermal stress distribution in the thermoelectric 
pins for RA = 2 
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Figure ‎5.22 shows temperature distribution along the centerline and the line where the 
maximum stress takes place in the y-direction. Temperature decays slowly along the both 
lines form the high temperature plate to low temperature plate. Temperature remains 
slightly high along the maximum stress line. Figure ‎5.23 shows temperature gradient 
along the maximum stress line and the centerline. Temperature gradient in the pin region 
close to the hot plate is higher than the mid-section of the pin. This is attributed to the pin 
cross-section, which is review. However, the temperature gradient increases forwards the 
cold plate. This is associated with the cold plate temperature, which is low, while creating 
the high temperature gradients in this region. 
Figure ‎5.24 shows thermal stress developed along the centerline and the maximum stress 
line which Figure ‎5.25 shows the stress contours of thermoelectric generator and Figure 
‎5.26 shows the stress contours of thermoelectric pins for bi-tapered configuration. The 
maximum stress reduces gradually along the maximum stress line in the region close to 
the hot plate and, this decrease becomes sharp as the distance along the maximum stress 
line increases.  On the other hand, stress reduces sharply along the central line as 
compared to that of the maximum stress line. 
Thermal stress reduces at location where temperature gradient is low. This is attributed to 
the small thermal strain developed at low temperature gradient. When comparing the 
stress levels for different configurations, thermal stress attains the minimum for the 
current geometric configuration as compared to other geometric configurations (RA = 1, 
RA = 0.5 and RA = 2)  
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Table ‎5.1 gives the maximum values of thermal stress developed in the thermoelectric 
generator when the device operation reaches to steady state condition.  The maximum 
thermal stress for the bi-tapered geometry is the minimum among the other cases. 
This suggests that changing the design of the pins of the thermoelectric power generators 
form parallel to trapezoidal geometry, the maximum thermal stress developed can be 
reduced.  Although the reduction is small, the life extension of the thermoelectric device 
is possible. 
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Figure ‎5.22  Temperature distribution along the centerline and the maximum stress 
line for bi-tapered 
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Figure ‎5.23  Temperature gradient distribution along the centerline and the 
maximum stress line for bi-tapered 
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Figure ‎5.24  Thermal stress distribution along the centerline and the maximum 
stress line for bi-tapered 
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Figure ‎5.25  Three-dimensional thermal stress distribution in the thermoelectric 
generator for bi-tapered 
 
Figure ‎5.26  Three-dimensional thermal stress distribution in the thermoelectric 
pins for bi-tapered 
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Table ‎5.1  Comparison of the Maximum stresses developed in TE pin for different 
configurations 
 RA = 0.5 RA = 1 RA = 2 Bi-tapered 
Max. Stress 
(Gpa) 
1.12 0.969 0.912 0.72 
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5.3 Thermal cycling performance 
Thermal cycling is carried out to analyze the residual stress in thermoelectric module 
generator by performing heating and cooling processes. The time of heating process is 80 
seconds and for cooling is 120 seconds. The thermoelectric module was subjected to five 
heating-cooling cycles and the hot surface temperature was fluctuated from 24 to 240 C, 
while the cold side temperature was fixed to 24 C. 
 Figure ‎5.27 illustrates one heating-cooling cycle with a time needs to release a heat form 
thermoelectric pins, and became to the room temperature, of around 90 seconds. In total, 
five sequential heating-cooling cycles are performed with 1000 seconds as shown in 
Figure ‎5.28 (at maximum thermal-stress point). 
The von Mises stress of one thermal cycle was fluctuating between the values of around 
0.78 GPa and 1 MPa which is the residual stress as shown in Figure ‎5.29. Since the 
residual stress is relatively high after the heat is released from the TE module, performing 
heating and cooling cycles would be not a practical solution of reducing the thermal 
stress developed in TE module. Even though, it may create a thermal fatigue on the TE 
module and then, the life span of device may reduce.  
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Figure ‎5.27  One Heating-cooling cycle (time=200 sec) 
 
Figure ‎5.28  Temperature profile of the maximum stress point of five sequential 
heating-cooling cycles 
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Figure ‎5.29  Thermal stress profile of the maximum stress point of five sequential 
heating-cooling cycles 
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CHAPTER 6 
6 CONCLUSION AND RECOMMENDATION 
Thermodynamic and thermal stress analysis of thermoelectric generator is carried out for 
various device pin centrifugations. In the analysis, the properties of Bi2Te3 thermoelectric 
material are used.  It is found that thermal efficiency of the thermoelectric generator 
improves for RA= 0.5 and RA= 2. Although this improvement is small in the cases of 
(RA= 0.5 and RA= 2), its effect becomes high for the series operation of many 
thermoelectric devices. Temperature variation in the x,y plane does not alter 
significantly; in which case, almost uniform temperature distribution takes place along 
the pins. Temperature variation along the y-axis results in sharp decay of temperature in 
the region close to the hot plate.  This gives rise to attainment of high temperature 
gradients in this region.  
Thermal stress developed in the thermoelectric module and its pins varies for different 
configuration of pin geometry and the maximum stress occurs around the edges of the 
pins, which is more produced in the region close to the hot plate.  The attainment of high 
stress levels in this region is attributed to the high temperature gradients and the 
mismatch of thermal expansion coefficients of the hot plate (welding layer) and the 
device pins.   
The influence of pin geometry on temperature gradients and thermal stress is notable.  In 
this case the pin with (RA = 2) results in slightly low thermal stress in the pin. But, in case 
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of bi-tapered, the maximum thermal stress developed in TE pin reduced approximately 
30 % comparing with the regular rectangular pin (RA=1). This reduction resulted by the 
uniformity distribution of the stress developed due to the temperature variation.  
The results indicate that changing the pin geometry improves temperature variation in the 
thermoelectric generator while suppressing the maximum stress levels in the pin.  
Consequently, life expectation of the device can be improved with geometric design of 
the device pins. In addition, for pin geometric configuration RA = 2, thermal efficiency of 
the device also improves slightly but for the bi-tapered geometric configuration, the 
thermo-mechanical performance is improved considerably. 
The thermal efficiency of thermoelectric generator module with different pin 
configurations (RA=0.5, 1, 2) was investigated thoroughly in this thesis work. However, 
the thermal efficiency for bi-tapered pin configuration has to be analyzed with deriving a 
specific equation of efficiency.  
Another direction in which the work of thermal stress of thermoelectric generator can be 
extended is to incorporate the variable material properties of TE pins during the heating-
cooling cycles. This will affect the residual stress developed in TE pins through these 
cycles. 
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NOMENCLATURE 
V Electrical potential [V] 
S Seebeck coefficient [V K
-1
] 
q Rate of heat generation [W] 
I Electric current [A]
 
Z Figure of merit [K
-1
] 
k Thermal conductivity [W m
-1 
K
-1
] 
R Electric resistance [Ω] 
RL External load resistance [Ω] 
A0 Cross-sectional area of the uniform rectangular pin [m
2
] 
AH Top side cross-sectional area [m
2
] 
AL Bottom side cross-sectional area [m
2
] 
RA
 Ratio between the top (hot side) to bottom (cold side) Area 
L Height of the pin [m] 
rk Thermal conductivity ratio 
rσ Electrical conductivity ratio 
K0 Reference thermal conductance 
RO Reference electrical resistance 
cp Specific heat capacity [ J kg
-1
 K
-1
] 
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T Absolute temperature [K] 
t Time [sec] 
E Young’s modulus of elasticity [MPa] 
v Poison’s ratio 
h Heat transfer coefficient [W m
-2 
K
-1
] 
Ta Ambient temperature [K] 
       
Greek Symbols 
π Peltier coefficient [V] 
β Thomson coefficient [V K-1] 
σ Electrical conductivity [S m-1] 
ρ Density [kg m-3] 
θ Temperature ratio 
α Coefficient of linear thermal expansion [K-1] 
ε Emissivity of the surface 
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